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INTRODUCTION 
Reinforced concrete frame members are usually sub-
jected to a combination of bending, axial compression and 
shear but in the design for shear the axial force is neg-
lected. Recognizing the complete absence of experimental 
evidence on the effects of axial force on the shear strength 
of reinforced concrete structural members, the Joint ACI-
ASCE Committee on Shear and Diagonal Tension outlined an 
investigation of frame members without web reinforcement. 
The investigation was carried out at the University of 
Illinois under the sponsorship of the Reinforced Concrete 
Research Council in the years 1953-1955-
The primary purpose of the investigation was to 
determine the effect of axial compression on the shear 
strength of reinforced concrete members without web rein-
forcement. The secondary objective was to obtain some data 
on how the shear strength is influenced by the formation 
of plastic hinges. Such information should make it possible 
to determine under what conditions reinforced concrete 
members may be designed without web reinforcement and such 
* Members, American Concrete Institute, Research Associate 
Professor and Research Associate of Theoretical and Applied 
Mechanics, respectively, University of Illinois, Urbana. 
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information may be utilized further in studies of the effects 
of web reinforcement. 
Recent studies of simple and r estrained reinforced 
concrete beams (1 )( 2 )( 3 ) r esulted in fo rmulation of new 
concepts regarding the effects of shear on the strength of 
reinforced concrete. This investigation offered a further 
opportunity for checking and extending the new concepts. 
NOTATIONS 
a = length of the shear span (Fig. 1 ) 
ac = distance from the section of zero moment (with 
respect to the centroidal axis ) to the starting 
point of the diagonal tension crack 
b = width of cross - section 
C = compressive force in concrete (Fig. 11 ) 
d = effective depth of reinforcement 
E = modulus of elasticity of concrete 
C 
Es = modulus of elasticity of steel 
I 




fr = modulus of rupture of concrete 
fs = stee l stress at the critical section 
failure 
f = yield point stress of reinforcement y 
h = overall depth of cr oss - section 
at shear 
(Fig. 11) 
k1 = coefficient defining the magnitude of the 
compressive force Cat failure (Fig. 11 ) 
k 2 = coefficient defining the position of the 
compressive force C in concrete (Fig. 11 ) 
k3 = ratio of the compressive strength of concrete in 
I 
flexure to fc (Fig. 11) 
K = strain reduction coefficient (Fig. 11) 
Mst = moment around the centroid of tension reinforce -
ment at the critical section 
(M/V)c = ratio of the moment around the centroid of 
compressive force to the shear at the section of 
diagonal tension cracking 
n = modular ratio 
N = axial force 
area of tension reinforcement 
p = ---------------b d 
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T = tension force in longitudinal reinforcement (Fig.11) 
V = shear 
Svc 
v = - nominal shearing stress at diagonal tension 
c 7bd 
cracking 
y = deflection of the end of the shear span in the 
direction perpendicular to the axis of the knee 
leg 
et = 1 + N 
pbdfs 
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e 8 = steel strain at shear failure (Fig. 11 ) 
E = maximum concrete strain at shear failure (Fig. 11 ) u 
SPECIMENS AND TESTS 
Test Program and Specimens 
An outline of the test program is given in Table 1. 
The investigation included two types of specimens: 33 knee 
frames and 38 stub beams. All specimens were of the same 
rectangular cross-section and were reinforced in tension only. 
The major variables were the length of the shear span, the 
strength of concrete and the percentage of reinforcement. 
A typical knee frame is shown in Fig. la. All knee 
frames consisted of two equally long legs joined at the knee 
at a 90 deg angle. The end of each leg was formed into. a load-
ing stub fitted with a roller bearing block. The frames were 
loaded in standing position along the load line shown in Fig. la. 
A typical stub beam is shown in Fig. lb. All beams 
had a reinforced column stub cast integrally at midspan, and 
one or two external stirrups placed at each end outside the 
span to prevent failure by splitting at the level of rein-
forcement. The beams were simply supported and loaded at 
midspan through the top of the column stub. 
The dimensions of all specimens are listed in Table 2 
and Fig. 1. Both the knee frames and the stub beams were 
approximately 12 x 16 in. in cross-section reinforced with 
0.36 - 3.83 percent of tension steel. The nominal strength 
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of concrete was 2000, 4000 or 6000 psi and the length of the 
shear span, a, was varied from 14 to 113 in. The effective 
depth of the reinforcement was approximately 14.5 in. The 
bars were placed in one layer except in specimens F38A6, 
F55A6, Bl4A6, B21A6, B56A6 and B70A6; in these, five bars 
were placed in a lower layer and the remaining bars in an 
upper layer with one inch of clear spacing between the two 
layers. The bars were spaced evenly and symmetrically across 
the section. 
The maximum bending stresses occurred in the knee 
frames at sections passing through the knee corner perpen-
dicular to the shear spans, and in the stub beams at sections 
located at the faces of the column stub perpendicular to the 
beam axis. These sections will be referred to as critical 
sections. 
Materials 
Concrete was made with a standard brand of Type I 
Portland cement, Wabash river gravel and torpedo sand. The 
cement was purchased in six lots, the aggregates in eight lots. 
The average grading of the aggregates is shown in Table 3. 
The maximum size of the gravel was 1 in. and the fineness 
modulus of the sand was 2.87. The specific gravities of the 
gravel and the sand were 2.70 and 2.65, respectively, and the 
absorption of both aggregates was approximately 1 percent 
by weight. 
Mixing was performed in a non-tilting horizontal drum 
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mixer for three to five minutes. Materials were batched by 
weight in the following proportions: the cement to water 
ratios were 1.0, 1.5 and 2.0, and the cement to sand to gravel 
ratios were l:5.25:7.25, 1:3.35:4.65 and l:2.30:3.20 for the 
2000, 4000 and 6000 psi mixes, respectively. The slump varied 
from 1 to 3 inches. The average compressive strengths of 
concrete determined from control cylinders are listed in 
Table lt, 
The reinforcement was made of hard grade deformed bars 
purchased in three lots. One tensile coupon was tested from 
each bar and the bars for every beam matched accordingly. 
The average yield points and ultimate strengths weighted for 
all bars of one specimen according to actual area are listed 
in Table 4. The differences between the values for individual 
bars were small; furthermore, except for B21B6, in all speci-
mens either none or all bars yielded at failure. The actual 
areas and other dimensions of the bars are listed in Table 5. 
The average modulus of elasticity for all bars was 28 x 106 psi. 
Fabrication of Specimens 
The knee frames were cast in a horizontal position in 
a form made of a 16-in. steel base and 12-in. high plastic 
coated plywood sides. The reinforcement was formed into a 
rigid mat by welding transverse spacer bars at the ends and 
at the knee (Fig. la). The mat was then lowered into the 
form and held in place by stirrup spacers at the end of each 
leg. The steel was secured in position by wiring to the forms. 
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The stub beams were cast in steel forms in the same 
position as tested. The longitudinal reinforcement was wired 
to steel chairs thus forming a reinforcing mat supported from 
the bottom of the forms. The steel for the column stub was 
tied into a cage and inserted into the forms. 
Two to eight batches of concrete were required for 
each specimen. They were placed in uniform horizontal layers 
compacted with internal rod vibrators. On the day following 
casting the forms were removed and the specimens subjected to 
moist curing for additional six days. Seven days after 
casting the specimens were stored in the laboratory and 
allowed to dry until testing at the age of 28 days. 
Three to five 6 x 12-in. control cylinders were made 
from each batch. Standard steel molds were filled in three 
layers compacted with an internal rod vibrator. A few hours 
after casting the cylinders were capped with neat cement 
paste. The cylinders were removed from the forms, cured, 
stored and tested with the corresponding specimens. 
Test Equipment and Procedures 
The knee frames were tested in a 3,000,000-lb hydraulic 
testing machine. A knee frame ready for testing is shown in 
Fig. 2 and a schematic diagram of the testing arrangement is 
shown in Fig. la. The load was applied to the specimen 
through two special roller bearing blocks allowing practically 
free rotation in the plane of the frame. The center of 
rotation of each block was located in the middle of the 
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bearing surface of the loading stub. The top bearing block 
was attached to the head of the testing machine and the 
bottom block rested on the bed of the machine. The head had 
a spherical block which was wedged after a small increment 
of load at the beginning of each test. 
The beams were tested in a 300,000-lb screw type test-
ing machine. The arrangement for testing is shown 
schematically in Fig. lb. The specimen was supported on the 
bed of the testing machine through two knife-edge supports 
bearing on two 4 x 12 x 1.5-in. bearing plates. The load 
was applied with the head of the testing machine to a steel 
plate on the top of the column stub through a spherical block 
centered with respect to the supports and the beam width . 
The load was applied in several increments to collapse. 
of the specimen. After each increment, the load was stabilized 
and measurements were taken of deflections, steel strains and 
concrete strains. In addition, the specimen was examined 
for crack formation and a pictorial record was kept of changes 
in the crack pattern. Testing of one specimen took from two 
to six hours. 
Deflections were measured in the line of the load 
between the ends of the shear span in the knee frame tests 
and at midspan in the stub beam·;tests with deflectometers 
equipped with 0.001-in. dial indicator. 
Steel strains were measured with a 4-in. Berry 
mechanical strain gage. The gage lines were established 
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by drilling small holes in the longitudinal steel through 
core holes formed in the sides of the specimen during casting. 
Steel strains were measured on both sides and both halves of 
each specimen. The gage lines were either continuous through-
out the length of the shear span or were located only at and 
near the critical sections. 
Concrete strains were measured on the compressive 
surfaces with SR-4 electric strain gages having rsa.ge lengths 
of one or six inches. Strain gages were located at the 
center of the compression surface adjacent to the critical 
sections and at various points along the shear span. 
TEST DATA 
The results of the tests are summarized in Table 6 
which includes the loads at the formation of the initial 
diagonal tension crack Pc, the load at first yielding of the . 
longitudinal reinforcement PY, the failure load Pu and the 
deflections, steel strains and concrete strains at failure 
load. In addition, the table includes the nominal shearing 
stress vc, the ratios of the nominal shearing stresses vc 
I 
and v to the strength of concrete f, and modes of failure. 
U C 
The diagonal tension cracking load was determined 
by visual observations; it is that load at which a definite 
diagonal tension crack was first observed. The cracking 
loads are more accurate for long than for short specimens 
because in long beams the diagonal tension cracks formed 
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suddenly as opposed to gradual formation in short specimens. 
In beams B56B6 and B70A6 the diagonal tension crack was 
observed to form at a load slightly lower than the failure 
load, but the final failure was characteristic of diagonal 
tension failures. Therefore, for these two specimens the 
values given in Table 6 as diagonal tension cracking loads 
are the actual failure loads. 
The yield load was determined from the load-steel 
strain and load-deflection curves; it corresponds to first 
yielding of the longitudinal steel. 
The failure load is the maximum load which the speci-
men could carry. Several specimens continued to carry some 
load after the maximum had been reached; the test was 
usually continued until the load-carrying capacity of the 
specimen was only a small fraction of the maximum load. 
However, had the maximum load been maintained on the specimen 
for a short period of time, complete failure would have 
occurred under the maximum load; therefore, the maximum load 
is referred to as failure load. In beam B56E4 a diagonal 
tension crack formed and failure followed after a small 
increase of load, but the load could not be stabilized at 
load levels higher than the diagonal tension cracking load. 
Therefore, for this specimen the value given in Table 6 as 
the failure load is the actual diagonal tension cracking 
load. 
The deflections for knee frames are the shortenings 
of the distance between the center-points of the end sections 
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of the upper and lower legs. The deflections for the stub 
beams are the values measured at midspan with respect to 
the supports. In most tests, the deflections were recorded 
at the instant when the maximum load was reached. 
The strains are those which occurred at or near the 
critical sections. Most of the strain data in Table 6 are 
extrapolated from readings at the last increment before the 
failure load. 
The nominal shearing stresses at diagonal tension 
cracldng v c and at failure vu were obtained from the respec-
tive loads as 8V/ 7bd in which Vis the shear corresponding 
to the appropriate value of load P, bis the width and dis 
the effective depth of the cross-section. 
All specimens failed by one of the three following 
modes of failure: diagonal tension failure designated in 
Table 6 as D, shear failure designated as S, or flexural 
failure designated by F. Diagonal tension failure is 
defined as a failure by formation of the first diagonal 
tension crack at the maximum load. The shear failure is 
defined as a failure by destruction of the compressive zone 
of concrete at the critical section above a diagonal tension 
crack; it may occur either before or after yielding of the 
longitudinal reinforcement but always at relatively small 
deflections. Flexural failure is defined as a failure by 
crushing of the concrete in compression either before 
fo rmation of diagonal tension cracks or after very large 
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deflections: the first type may occur either before or 
after yielding of longitudinal reinforcement but the second 
type can occur only after considerable yielding. 
The stub beams were supported on two knife edge 
supports and the knee frames were loaded through special 
roller-bearing shoes. If the knife edges prevented hori-
zontal movements, the beams would have acted as two-hinged 
arches and their capacity would have been higher than that 
of simply supported beams. Similarly, if the bearing shoes 
did not permit free rotation, the capacity of the knee 
frames would have been increased. A study of the test data 
indicates that, if present, the effects of improper 
functioning of supports were negligible in all specimens 
which failed before yielding of the steel and in all long 
specimens. In short specimens which failed after the 
yielding of reinforcement, the improper functioning of 
supports may have increased the ultimate load by 5 to 15 
percent and the ultimate strength of B21G4 may have been 
increased even more. 
Behavior Under Load 
The behavior of the knee frames and the stub beams 
is illustrated in Fig. 3-7, Figures 3 and 4 show typical 
knee frames and stub beams of various lengths of shear span 
after failure. Typical load steel strain curves are shown 
in Fig. 5, typical strain distributions along the shear span 
are illustrated in Fig. 6 and typical load-deflection curves 
are shown in Fig. 7. 
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Before the formation of the first diagonal tension 
crack, the behavior of all specimens was characteristic of 
reinforced concrete flexural members. The steel strains were 
smallest near the supports and increased toward the critical 
section (Fig. 5); the steel strains distribution along the 
shear span was approximately linear (Fig. 6, P = 45 kips ) . 
In all specimens which failed in diagonal tension or 
in shear, one or more distinct inclined cracks formed at some 
stage of loading. The appearance of such cracks may be seen 
in Pig. 3 and '+. The manner of formation of the diagonal 
tension cracks varied with varying length of the shear span. 
In short shear spans the diagonal cracks formed progressively, 
usually starting at the level of the steel approximately one 
beam depth from the critical section. In very short beams, 
such as Bl4B6, usually more than one diagonal crack formed 
in each shear span before failure. In longer specimens, 
e.g. B28B6, only one diagonal crack formed in each shear 
span. In specimens with very long shear spans, e.g. F38B2, 
and B56B4, only one diagonal crack formed: the crack 
formed suddenly, starting at or near an existing tension 
crack and extending both toward the steel and the critical 
section. It intersected the steel apprO:xiimately in the 
middle of the shear span. 
Diagonal tension failures. - In long specimens the 
sudden formation of the first diagonal tension crack was 
usually accompanied by complete collapse; the failure of 
lll-
such beams is defined as a diagonal tension failure. Frames 
F38B2, F55B4, F70A6 and beam B56B4 in Fig. 3 and 4 are 
examples of diagonal tension failures. The sudden, brittle 
nature of this type of failure is illustrated in Fig. 5 and 7. 
Frame F84B4 failed in diagonal tension after the 
longitudinal steel had yielded. In all other specimens, the 
diagonal tension crack formed while the steel stresses were 
elastic. 
Shear failures. - In beams in which the formation of 
the diagonal tension crack did not cause failure, redistri-
bution of internal stresses was observed. The stresses and 
strains in the longitudinal reinforcement increased more 
rapidly at sections away from than at sections near tha 
critical section so that after some increase in load, the 
distribution of steel strains was approximately uniform 
between the critical section and the intersection of the 
diagonal tension crack with the longitudinal steel (F21C4R 
in Fig. 5 a nd P = 100 kips in Fig. 6 ) . The maximum 
compressive stresses and strains in the concrete increased 
considerably at the critical section; at sections near the 
support tensile stresses were observed on the "compression" 
surface of the specimens ( P = 100 kips in Fig. 6). The 
concentration of concrete compressive stresses at the 
critical section was caused by concentrated rotations at 
the compression end of the diagonal crack; the tensile 
stresses on the "compression " s urface were caused by arch 
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action present after the formation of the diagonal crack. 
The concentration of compressive strains at the 
critical section lead to a premature crushing of the 
compression zone of concrete and thus to failure before 
the flexural capacity was reached. This type of failure is 
defined as shear failure; it occurred in short specimens 
(F21A6, B21B2 and B28B6 ) . The shear failures were sudden; 
although the stiffness of the specimen decreased slightly 
with the formation of the dia gonal crack, the deflection at 
failure was small (Fig. 7 ) . 
The beams with 14-in. shear spans appeared to fail by 
formation of a new diagonal crack. This crack was observed 
first in the compression zone near the critical section, and 
at failure extended toward the top surface and downward 
toward the support. In this connection, it is interesting 
to note that the maximum concrete strain observed in these 
very short beams was 0.0017, considerably less than the 
maximum concrete strain in specimens in which crushing of 
the compression zone was observed. It appears then that 
very short specimens are characterized by their own mode of 
failure designated by Laupa (3 ) as failure by 11 shear proper. 11 
However, in this report no distinction is made between the 
"shear proper " and shear failures, both types are designated 
as shear failures. 
Shear failures were observed both before or after 
yielding of the longitudinal reinforcement. They were sudden 
and always accompanied by a substantial decrease of the 
load-carrying capacity. 
Flexural failures. In five specimens, diagonal 
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tension cracks did not form. All of these beams failed in 
flexure by excessive yielding of the reinforcement followed 
by crushing of the concrete either in the compression .zone 
at the critical section (Bll3B4R in Fig. 4) or in the lcnee 
along the bar bend. Beam B21G4 failed after the formation 
of diagonal cracks; however, its failure was classified as 
flexural because exceedingly large deformations were observed 
before the crushing of concrete occurred. 
All flexural failures were gradual and were accompanied 
by yielding of reinforcement. 
Relationship Between Modes of Failure 
An examination of Table 6 reveals that short specimens 
failed in shear after the formation of a diagonal tension 
craclc, medium long specimens failed in diagonal tension and 
the longest specimens failed in flexure. Flexural failures 
were observed also in shorter specimens F21E2, F21Gl~, F55E2 and 
B21G4, all of which had a percentage of longitudinal rein-
forcement smaller than 0.6 percent, thus illustrating the 
obvious fact that reinforced concrete flexural members with 
very small amounts of longitudinal reinforcement fail in 
flexure even though no shear reinforcement is provided. This 
effect of the percentage of reinforcement on the mode of 
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failure of beams without web reinforcement was discussed in 
a previous paper (1 ) . 
The effect of the length of shear span on the mode of 
failure is illustrated in Fig. 8 which included test data for 
specimens with nominal concrete strength of 4000 psi. and 
nominal percentage of reinforcement of 1.89 percent. In 
the upper part of the figure, the shear at failure and at 
first diagonal tension cracking, V, is plotted as a function 
of the ratio of the shear span to the effective beam depth 
(a/ a - ratio ) . The lower part of the figure includes the 
same data, but the shear Vis multiplied by the length of 
the shear span, a. 
The data for the stub beams are represented by full 
symbols. It can be seen that in beams with a/d - ratios 
smaller than 3.4, a diagonal tension crack formed first and 
shear failure followed at a higher load. The difference 
between the diagonal tension cracking load and the shear 
failure load decreased with increasing a / d - ratio. Beams 
with a/d - ratios larger than 3.4 but smaller than 6.1 
failed in diagonal tension and those with a / d - ratios 
larger than 6.1 failed in flexure without the presence of 
a diagonal tension crack. 
Earlier investigations (1 ) , (2 ) , ( 3 ) have suggested 
that the moment Va at the critical section of simple beams 
failing in shear is independent of the length of the shear 
span. On the contrary, the test data from this investigation 
indicate a cons istent increase of the shear moment capacity 
with decreasing length of the shear span, this increase 
being especially large as the a / d - ratio decreases from 
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2 to 1.5. Whether this increase is characteristic of beams 
with column stubs, or whether its lack in the earlier 
investigations was caused by some other causes, cannot be 
resolved on the basis of the available experimental evidence. 
The diagonal tension cracking load decreases with 
increasing a / d - ratio. However, for ratios larger than 2, 
the decrease is small. Thus, for beams failing in diagonal 
tension the failure load is almost independent of the length 
of the shear span, and the diagonal tension failures represent 
a transition from shear failures to flexural failures. 
The data for the knee frames, represented in Fig. 8 
by open symbols, indicate that the qualitative effect of the 
a / d - ratio on the mode of failure of knee frames is the same 
as for stub beams. 
Effects of Axial Force 
The qualitative behavior of the knee frames and the 
stub beams was the same: the appearance of specimens fail-
ing in the same manner was similar (Fig. 3 and 4 ) and the 
effects of variables on the mode of failure were qualitatively 
the same (Table 6) . The effects of the presence of axial 
force are illustrated in Fig. 8. 
For short specimens, the axial force increased consider-
ably the shear at diagonal tension cracking but only slightly 
the shear at shear failure. Consequently, the limit between 
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the shear and diagonal tension failures is shifted to smaller 
a / d - ratios as a result of the presence of axial force. For 
longer specimens, however, the increase of shear at diagonal 
tension cracldng is small and of the same order of magnitude 
as the increase of flexural capacity. Accordingly, the limit 
between the diagonal tension and flexural failures appears 
unaffected by the presence of axial force. 
The diagonal tension cracking governs the capacity only 
for medium long specimens, that is in the range in which the 
axial force has only small affect. Since the shear strength, 
governing the capacity of short specimens, and the flexural 
strength, governing the capacity of very long specimens, 
appear to be affected only slightly by the pressure of axial 
force, it may be concluded that within the limits of this 
study the axial force has only a negligible effect on the 
strength of reinforced concrete flexural members without 
web reinforcement. 
The data included in this report are limited to stub 
beams with the axial force equal to zero and to knee frames 
with the axial force equal to shear; thus the conclusions 
based on Fig. 8 must necessarily be limited to the axial 
force to shear ratio of one. What effect the axial force 
has on the strength of members with different ratios of 
axial force to shear, cannot be determined on the basis of 
this series of tests alone. 
ULTIMATE LOADS 
Diagonal Tension Cracking 
For the purposes of this paper a diagonal tension crack 
is defined as an inclined crack extending from the longitudi-
nal reinforcement to the critical section and making an angle 
of approximately 45 deg with the longitudinal reinforcement. 
at the level of the steel. The diagonal tension cracking 
load is the load at which the first diagonal tension crack 
of the type defined above was clearly observed. 
The distance between the critical section and the 
intersection of the diagonal crack with the longitudinal 
steel is plotted in Fig. 9 against the length of the shear 
span. It may be seen that the point of intersection was 
usually located near the middle of the shear span although 
for specimens with shear spans shorter than 30 in. a distance 
equal to the effective beam depth gives an equally good 
approximation. Since the diagonal crack started always near 
the point of intersection with the longitudinal reinforcement, 
it will be assumed in the following that a diagonal tension 
crack forms at the distance ac from the section of zero 
-x-
mome nt governed by the following three relationships : 
ac = 0 for d>a = 
ac a d for a>d.> 
a = - -= = 2 
a a for ~~d = -C 2 2 
➔, 
For stub beams the section of zero moment is at the support. 
For knee frames it is the section at which the load line inter-
sects the centroidal axis (neglecting the presence of rein-
forcement ) . 
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where a is the length of the shear span and dis the effective 
beam depth. 
A diagonal tension crack forms because of the presence 
of excessively high principal tensile stresses. The location 
and inclination of the initial diagonal tension crack 
indicates that these principal tensile stresses are composed 
of three components: the flexural tension stress, the shearing 
stress caused by external shear and the shearing stress caused 
by bond between the steel and boncrete in vicinity of tension 
cracks. It is believed that a diagonal tension crack begins 
to form when the resulting principal tensile stress reaches 
the value of the modulus of rupture of the concrete. 
Starting from these considerations, Morrow ( 4 ) has 
I 
suggested that the dimensionless ratio v0 / fr is a function of 
the dimensionless quantity 
(M/ V)c • 
npd 
In these expressions v0 is the nominal shearing stress at 
I 
diagonal tension cracking, fr the modulus of rupture, n the 
modular ratio, p the ratio of longitudinal reinforcement, 
d the effective beam depth and (M/ V) 0 the ratio of the 
moment around the centroid of compression force to the shear 
at the section where the crack starts. Thus for beams 
(M/ V) = a C C 
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and for knee frames 
N h 1 
( M/V) c = a c - - (- - - d ) • 
V 2 8 
The correlation is plotted in Fig. 10 with the nominal 
shears vc from Table 6 corrected for dead load and with the 
modulus of rupture f~ taken as 9.5,(r"'; - an empirical relation-
ship derived from Kesler's data (5). The modular ration was 
I 
computed as Es/Ee with Ee= 460 fc + 1,800,000. It can be 
seen in Fig. 10, that the t es t data form a well defined band 
which may be approximated by the following average curve: 
VC 




---- + 10 
npd 
The nominal shearing stress at first diagonal tension crack-
ing may, therefore ~ be expressed as 
V = [l.425 + 33 
c (M/V)c 
. -v f,.. ·1ri-' 
+ 10 v 
(1) 
npd 
' where the concrete strength fc and the nominal shearing 
stress are expr essed in psi. 
The correlation between the test data and Eq. 1 for 
ind i vidual specimens is shown in Table 7. It can be seen that 
the avera ge ratio of test to calculated values is 1.007 for 
the knee frames and 0.994 for the stub beams . The average 
for all specimens is 1.000 and the corres ponding standard 
deviation is 0.083 . Equation 1 takes into account the effect s 
of the axial load on the diagonal tension cracking load, 




Earlier studies (1) (2)(3)(4) have shown that the load 
at shear failure may be correlated best on the basis of the 
failure moment at the critical section. With the notation 
of Fig. 11, the analytical expression for the shear moment 
for combinat ion of moment, shear and axial force derived from 
* equations of statical equilibrium may be written as follows : 
Mst apfs k2 apfs = - (1- - - ) ( 2 ) 
f 'bd2 ' ' c fc klk3 fc 
where: M3 t = Va+ N(d - !2.... + y ) - moment around the centroid 
2 
of tension reinforcement at the cri tical section 
N ju 
a = 1 + = 1 + 
pbdfs Va h y + 1 - - - -+ 
N d 2d d 
f = steel stresses at shear failure. s 
- ju 
The unknown quantities in Eq. 2 are the ratio of the 
properties of the stress block, k2/ k1k3, and the steel stress, 
fs. The value of the ratio l-c2/ k1k3 may be calculated from 
Eq. 2 if the measured valu8s of Mst and f 8 are substituted. 
* For beams N = O. 
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In Fig. 12 measured values of Mst/fcbd are plotted as 
I 
functions of measured values of apfs/ fc. It can be seen that 
the data for specimens failing before yielding of reinforce-
ment (Fig. 12a ) form a narrow band closely approximated by 
a curve corresponding to k 2/k1k3 = 0.44. 
For beams which failed after the reinforcement had 
yielded, the curve of k2/k1k3 = 0.44 falls below the test 
data. This difference is believed to result from several 
factors: a gentle slope of the stress-strain curves for the 
steel at stresses exceeding the yield point value, differences 
in the position of the neutral axis with respect to the top end 
of the diagonal tension crack and imperfect support conditions. 
The last factor, discussed in a preceding portion of this 
report, would explain also the differences between the lmee 
frames and the stub beams. 
The magnitude of the steel stress at failure depends 
on the strain distribution at the critical section. The 
strain measurements show that the steel strains at shear 
failure are smaller than the strains which would be expected 
had a flexural failure taken place; on the other hand, the 
concrete strains at shear failure are approximately of the 
same order of magnitude as expected for flexural failures. 
For a flexural failure, the strain distribution 1s linear; 
accordingly the strain observations and the conditions of 
statical equilibrium at shear failure can be fulfilled only 
if the strain distribution for a shear failure is nonlinear 
or discontinuous. 
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The diagonal tension crack ends at the critical section; 
this suggests the presence of concentrated rotations at the 
end of the crack. Accordingly, the strain distribution at 
shear failure probably takes the shape shown in Fig. 11 as 
the probable strain distribution. The probable strain dis-
tribution indicates that the neutral axis of beams failing 
in shear is located below the top of the diagonal crack so 
that a portion of the compressive stresses is transferred 
below the diagonal crack. However, in the specimens of this 
investigation no consistent differences were found in the 
steel stresses measured at the critical section and at the 
intersection of the crack with the steel, so that portion 
of compressive stresses transferred below the diagonal crack 
must have been small. It is believed, therefore, that the 
assumed strain distribution in Fig. 11 is sufficiently 
accurate for estimating the steel stresses at shear failure. 
The assumed strain distribution and the conditions of 
equilibrium at the critical section give the following 
equation for the steel stress at 
fs = :_ E KE [- 1 
2 s u 
shear failure: 
4klk3fc 1 l+----. 
pE KE s u 
(3 ) 
Equation 3 includes two unknown quantities: KEu and 
k1Jc3 • Studies of the measured steel stresses at failure 
indicated that KE is primarily a function of the a / d~- ratio u 
I 
and k1k3 is a function of the concrete strength fc. The 
following empirical equations were developed: 
1.116 ~ + 0.174 26 
4 d < a /0 KEu = 3 -
a 0.872 d - -
d 
I 
800 + fc 
klk3 = . I 
70 + fc 
According to Eq. 3, the measured steel stresses for 
all specimens failing in shear may be plotted in one graph as 
is shown in Fig. 13. Although considerable scatter is present, 
the correlation in Fig. 13 is in general agreement with the 
curve representing Eq. 3. The major discrepancy between 
Eq. 3 and the test data was observed for beams with very low 
percentages of reinforcement: for such beams Eq. 3 yields 
consistently low values of the steel stress. It is possible 
that this discrepancy could have been corrected by making the 
parameter KEu a function of pin addition to a / d. 
Equations 2 and 3 contain parameter a. This parameter 
is equal to one for stub beams, but for knee frames varies 
with the quantity j which, in turn, depends on the steel u 
stress fs and the parameter a. A fast solution by successive 
approximations consists of estimating the value of ju, eval-
uating a, then'_f 8 and recomputing of ju etc. 
With k2/ k1k3 and f 8 determined as discussed above, 
moment Mst at shear failure may be calculated from Eq. 2. 
Values thus computed for all knee frames and stub beams fail-
ing in shear are compared with the test data in Table 7. The 
test data in Table 7 include only the effects of applied loads 
since the dead load moments were estimated to account for less 
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than 2 percent of the total. The data is divided into two 
groups. The first group includes all specimens which failed 
before yielding of the reinforcement; for these, the steel 
stress was computed from Eq .. 3. The second group includes 
all specimens which failed after the reinforcement has 
yielded; for these the steel stress was taken as the yield 
point value. 
In the group of failures before yielding of reinforce-
ment, the average ratio of t es t to computed values is higher 
for the l{nee frames than for the . stub beams. On the other 
hand, in the group of failures after yielding of reinforce-
ment the average ratio is higher for the stub beams than for 
the knee frames. Furthermore, comparisons of identical 
specimens (F21B2R and B21B2, F21B4R and B21B4, F21B6 and 
B21B6 ) show simila1"' ratios for the corresponding specimens. 
It may be concluded, then, that the correlation between the 
test data and the calculated values is about equally good 
for the knee frames and for the stub beams. 
The analytical expressions for predicting the shear 
strength of the knee frames.and of the stub beams are the 
same, the only difference being that for stub beams N = o. 
Thus, the fact that these analytical expressions are equally 
good for both types of specimens indicates that within the 
limits of these tests the axial force causes no basic differ-




The flexural strength of reinforced concrete members 
subjected to a combination of moment and axial force was 
investigated by Hognestad ( 6) who presented a set of equations 
fop the uJ.timate flexural load. Since shear seems to affect 
the strength primarily through the formation of diago~al 
cracks, it appears reasonable to assume that the flexural 
strength of reinforced concrete members subjected to a com-
bination of moment, shear and axial load should be in good 
agreement with Hognestad 1s equations. For sections reinforced 
on the tension side only and failing after yielding of the 
steel, Hognestad's equations may be written in the following 
form: 
Mst apf O. 55 apf. ·~- = ---1l (1 - _ __J[_ ) ( l+ ) 
· f, 1 bd 2 
I I 
f k3 fc C C 
where fy is the yield point of the reinforcement and k3 is 
the ratio of the flexural compressive strength to the cylinder 
I 
strength f 0 • For horizontally cast specimens k3 = 1.0 has 
been suggested (7); thus Eq. 4 differs from Eq. 2 only in that 
fy is substituted for fs and k2/ k1k3 = 0.55 instead of 0.44. 
As in Eq. 2, a is equal to one for beams (N = O) ; for the 
knee frames it may be evaluated by a procedure similar to 
that already described. 
The values calculated from Eq. 4 are listed in Table 9 
tocether with the test values and with the ratios of test to 
calculated values. The test values were computed from the 
29 
applied loads neglecting the effect of dead load; the 
estimated dead load moments were less than 2 percent of the 
total moments except for the two longest specimens for which 
the dead load moments were equal to about 5 percent of the 
total. 
It can be seen in Table 9 that the test values were 
consistently larger than the computed ones. The difference 
may have been caused by strain hardening and perhaps also by 
improper functioning of the supports. 
In beam B21G4 a diagonal tension crack formed before 
yielding. Nevertheless, its failure was classified as flexural 
because of extremely large deformations prior to failure. 
Because of the presence of the crack, the moment at failure 
of this beam was computed from Eq. 2 with f 8 = fy. 
The load at first yielding of B21G4 was a few percent 
higher than expected. The calculations have indicated that 
failure should have occurred at a load only slightly higher 
than the load at first yielding. In reality, however, the 
load increased almost 60 percent after the first yielding of 
the steel. The explanation of this unexpected increase appears 
to be in the combined effects of strain hardening and improper 
functioning of the supports. 
The comparisons in Table 9 show clearly that Hognestad 1 s 
equations yield safe values for the flexural capacity of knee 
frames ar.d stub beams. 
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Modes of Failure 
Equations 1, 2 and 4 for diagonal tension cracking, 
shear and flexural failures, respectively, make it possible 
to predict the mode of failure of knee frames and stub beams. 
The relationship between the various modes of failure is 
illustrated in Fig. 14 for knee frames of rectangular cross-
section 12 in. wide and 16 in. deep, the effective depth of 
14.5 in., the concrete strength of 4,000 psi and the yield 
point of reinforcement of 60,000 psi. 
In Fig. 14a the load Pat failure is plotted as a 
function of the percentage p of the longitudinal reinforcement 
for knee frames with the shear span of 21.6 in. Four curves 
are included, each representing various modes of failure 
and diagonal tension cracking. It can be seen that frames 
with p smaller than o.46 percent fail in flexure at a load 
lm•1er than that required for the formation of a diagonal 
tension crack. In frames with p = 0.46 - 0.50 percent a 
diagonal tension crack forms first and failure follows at a 
higher load; yielding of the reinforcement pr•ecedes the 
failure and the mode of the final failure m2y be classified 
either as flexural or as shear, depending 011 the magnitude 
of deformations. Finally, in frames with -;_:i larger than 0.5 
percent a diagonal tension crack forms first and is followed 
at a higher load by shear failure before yieljing of rein-
forcement. 
The sequence of modes of failure illustrated in Fig. 14a 
31 
holds only for frames with short shear spans. The dependency 
of the mode of failure on the length of the shear span is 
illustrated in Fig. 14b in which the applied load Pis 
plotted as a function of the a / d - ratio for knee frames with 
p = 1.89 percent. Curves representing diagonal tension crack-
ing, shear and flexural failures are included. It can be seen 
that in frames with a/d ratio smaller than 4.0 a diagonal 
tension crack forms first and shear failure follows at a higher 
load. In frames with a / d = 4.0 - 8.3 the diagonal tension 
crack formation constitutes failure (diagonal tension 
failure) because in this range the shear strength is lower 
than the diagonal tension strength. Finally, in frames with 
a / d larger than 8.3 flexural failure takes place before the 
formation of a diagonal tension crack. 
All modes of failure described above were observed in 
this investigation as has been pointed out in the discussion 
of Table 6. The observed modes of failure permit a further 
check of the analytical expressions; such a check was made 
for each specimen as follows. For each specimen flexural and 
diagonal tension strength were computed from Eq . 1+ and 1. If 
the flexural strength was smaller than the diagonal tension 
strength, the specimen should have failed in flexure. If 
the diagonal tension strength was smaller, the shear strength 
was computed from Eq . 2 with the steel stresses as given by 
Eq. 3 but not larger than the yield point value. If the 
diagonal tension strength came out larger than the shear 
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strength, the specimen should have failed in diagonal tension. 
If the shear strength was higher, the failure should have been 
in shear or, if considerable yielding was possible, the 
failure may have been designated as flexural. For 64 speci-
mens including 36 shear failures, 23 diagonal tension failures 
and 5 flexural failures the computed mode agreed with the 
observed one; for 6 specimens the computed mode differed from 
the actual. 
Specimens with incorrectly predicted mode of failure 
are listed in Table 10. It may be noted that all but two 
specimens listed had a low percentage of reinforcement. For 
the two exceptions, F38B4 and Bll3B4, the ultimate loads 
for the expected and actual modes of failurP were only a few 
percent apart so that the discrepancy between the predicted 
and observed modes was probably a matter of chance. 
It has been pointed out in the discussion of the steel 
stresses at shear failure that Eq. 3 yieJC::s too low values 
for beams with low percentages of reinforcement. The 
discrepancies between the predicted and observed modes of 
failure for F38E2, F55E4 and B56E2 were a dj_rect cause of 
this inaccuracy. Furthermore, for six additional specimens, 
also listed in Table 10, Eq. 3 predicted elastic steel stresses 
at shear failure, but actually shear failure occurred after 
some yielding had taken place. This serves to illustrate 
further the inaccuracy of Eq. 3 for specimens with low 
percentages of steel. 
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DESIGN CONSIDERATIONS 
Members Without Web Reinforcement 
The tests reported in this paper have shown conclusively 
that reinforced concrete members without web reinforcement 
and with moderately long shear spans fail upon the formation 
of the first diagonal tension crack. Such failures are sudden 
and complete. On the other hand, in members with short shear 
span one or more diagonal tension cracks form first and a 
shear failure follows at a higher load. However, even in 
short beams the presence of a diagonal tension crack is 
dangerous, because diagonal tension cracks in beams without 
web reinforcement are considerably wider than ordinary tension 
cracks; furthermore, a few repetitions of load may cause the 
diagonal tension crack to spread and possibly result in 
splitting along the reinforcement or in a premature shear 
failure. Accordingly, for beams without web reinforcement 
the diagonal tension cracking load should be considered in 
the design as the ultimate capacity. In ultimate load design 
this would require that the nominal shearing stresses computed 
from ultimate loads must not exceed the value given by Eq. 1. 
A check on applicability of Eq. 1 to structural 
members other than knee frames and stub beams is presented 
in Fig. 15 including test data for prismatic simple and 
restrained beams (8., 9). Simple beams of Series A and B 
failed either at or slightly above the diagonal tension 
cracking load; they are in good agreement with Eq. 1. On the 
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other hand, simple beams of Series III and all restrained 
beams failed at load in excess, usually considerably in 
excess, of the diagonal tension cracking load; these data fall 
consistently below the line of Eq. 1. It is believed that 
most of the differences were caused by the differences in the 
methods of evaluating the diagonal tension cracking loads: 
had the diagonal tension cracking loads for beams of Series 
III, IV and VI been evaluated by the same criterion as that 
used in this investigation, the loads would have been 10 to 
20 percent higher. The differences in the criteria for 
diagonal tension cracking become meaningless if failure occurs 
simultaneously with the formation of the first diagonal 
tension crack. Thus to resolve the question of correlating 
the diagonal tension cracking strength of restrained and 
simple beams it is desirable and necessary to compare test 
data on diagonal tension cracking of long beams. No such 
data are available for restrained beams. 
It should be noted in studying Fig, 15 that the test 
data for restrained beams follow the trend of -;::1. l, It may 
be concluded then that the quantities chos€n as ordinates 
and abscissas in Fig. 10 and 15 are the proper parameters 
for correlating the diagonal tension cracking load. It should 
be noted further that the curve representing Eq. 1 is 
, I 
assymptotic to v / fr = 0.15 and that within the practical 
C ~ 01 
range vc is always larger than 2Vfc. Thus the following 
equation may be used as a simplified design limit for shear 
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at ultir:1ate load in reinforced concrete members without web 
reinforcement: 
( 5 ) 
where: 
v = nominal shearing stress at ultimate load, psi ,, 
v< 
I 
fc = cylinder strength of concrete, psi. 
I~ however, it is desired to recognize in the design 
the increase of the diagonal tension strength indicated on 
the left side of Fig. 10 and 15, additional variables must be 
included. For example, the following equation appears to be 
in reasonably good agreement with the test data: 
V = (4 - 5a ) r;ii r 2 K-
U 1000 pd -yrc c 
Equation 5 was derived from tests of rectangular 
structural members loaded with concentrated loads. It is 
applicable to members subjected to a combination of bending 
and shear, and to members subjected to a combination of 
bending, shear and axial forc e . Although satisfactory test 
evidence is available at present only for simplr supported 
members, it is believed that Eq. 5 may be applicable also to 
restrained members. 
Studies of some existing test data (10 )( 11 ) indicate 
that the diagonal teGs ion cracking strength of T- beams is 
higher than that of rectangular beams. Furthermore, several 
recent unpublished tests of rectangular beams with uniform 
loading indicate an increase of shear strength as compared 
to one or two concentrated loads . On the other hand, it 
appears reasonable to expect that direct tensile stresses 
caused by restraint against shrinkage and other volumne 
changes may lower the diagonal tension strength. 
A comparison of Eq. 5 with the present and currently 
proposed allowable stresses shows that the ACI Building Code 
Requirements (12 ) are inadequate in some cases. Such a 
comparison is included in the table below: 
Concrete V vallow Factor of Safety u 
Strength (Eq. 5 ) , present, proposed, present, proposed, 
I 
f c' psi psi psi psi 
2000 89 60 60 1.48 1.48 
3000 109 90 90 1.22 1.22 
4000 126 180 90 1. 05 1. l~O 
5000 141 150 90 0.94 1.57 
An inspection of the values of factors of safety shows that 
the proposed revision of the allowable values represents a 
definite improvement but does not insure an adequate factor 
of safety for a~~ reinforced structural members without web 
reinforcement. 
Members l'J ith Web Reinforcement 
Since reinforced concrete members without web reinforce -
ment must be designed with the ultimate load equal to the 
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diagonal tension cracl~ing load, the shear strength of such 
members is of a secondary importance. However, if web rein -
forcement is to be provided, the knowledge of the shear 
strength of beams without web reinforcement may permit a 
rational design of the web reinforcement (1 ) . 
Earlier studies of prismatic beams (1 )( 2)(3) have 
shown that the shear moment capacity of beams without web 
reinforcement is approximately independent of the length of 
the shear span. On the contrary, it was found in this 
investigation that the shear moment capacity of stub beams 
and of knee frames increases with decreasing shear span. It 
is possible that this apparent discrepancy 1s the result of 
the presence of the re-entrant corner at the compression 
surface of the critical section. If this is the case, the 
shear moment capaicty of 1-rnee frames and stub beams must be 
always in excess of that for prismatic members. 
The moments at shear failure of stub beams calculated 
as for prismatic members (1 ) are compared in Table 11 with 
the test data. It can be seen that, with two exceptions, the 
shear moment for the stub beams was consistently higher than 
that predicted for comparable prismatic beams. This finding 
not only suggests that the presence of r e-"'-entrant corner at 
the critical section may increase the shea r strength of 
short members, but also shows that it is safe to use the 
prismatic beam shear moment equations for p""C'edicting the 
shear strength of frame members . 
SUMMARY 
Seventy- one reinforced concrete specimeni of rectangular 
cross - section were tested in order to determine the shear 
strength of members without web reinforcement subjected to 
combined moment, shear and axial load. Thirty- three of these 
specimens were knee frames having the axial force equal to 
shear and 38 were stub beams subjected to moment and shear 
only. The major variables were the length of the shear span, 
the strength of concrete and the percentage of reinforcement. 
All specimens were tested with static loads applied 
in several increments to failure. Of the 71 specimens, 
thirty- nine failed in shear, twenty- five in diagonal tension 
and six in flexure; the results for one specimen were judged 
unreliable. The shear fai l ures occurred in the shortest 
specimens at loads higher than those causing the formation 
of di agonal tension cracks, the diagonal tension failures 
occurred in specimens with medium long shear spans, and the 
flexural failures occurred in very long specimens and in 
shorter specimens with very low percentages of reinforcement. 
All shear failures and especially diagonal tension failures 
occurred very suddenly whereas the flexural failures occurred 
slowly after large deflections had taken place. 
Analytical expressions were developed for predicting 
the diagonal tension cracking and shear strengths . The 
diagonal tension cracking equation is based on the concept 
of principal tensile stresses; it correlates the test results 
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in terms of the nominal shear stress at diagonal tension 
cracking. Comparisons of this equation with the test data 
~o~ prismatic sim~le and restrained beams and the equation 
itself indicate that if the nominal shear stress at ultimate 
load does not exceed 2i/f ~~ the strength of the structural 
member without ·web reinforcement ordinarily will not be 
governed by diagonal tension or shear. 
The equation for the shear strength is basically the 
same as those derived earlier for prismatic simple and 
restrai,ned beams. Some differences in several empirical 
factors indicate that the shear strength of short members 
with re --:entrant corner at the critical section may be some -
what higher than for prismatic beams. 
The fle::ural tension strength of members subjected to 
a combination of moment, shear and axial force or to a 
combinat i on of moment and shear may be computed from the well 
known equations for eccentrically loaded columns and for beams. 
The primary purpose of this investigation was to 
determine the effect of the axial force on the shear and 
diagonal tension strength of reinforced concrete members with-
out web reinforcement. The results of this invest i gation 
show that the axial force affects the shear and diagonal 
tension strengths only insofa r as it changes the conditions 
of statics. 
The secondary objective of the investigation was to 
obtain data on how the shear strength is influenced by the 
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formation of plastic hinges. Since both shear and diagonal 
tension failures were observed after the yielding of the 
l0ngtt4dinal reinforcement it appears that shear failures 
1 ' ' 
may occur during the formation of plastic hinges. However, 
it must be noted that in nohe of the specimens in this investi-
gation true plastic hinges were prese~t since fairly large 
increases of moment resistance were always observed after 
first yielding of the longitudinal reinforcement. 
ACKNOW~EDGEMENTS 
The investigation was carrie~ 0ut in the Department 
of Theore'i::.c.;21 and Applied Mechanics at the University of 
Illinois u~da~ the au8pices of the Reinforced Concrete 
Research Ccuncil cf the Engineering Foundation. A Task 
Committee consisting of Messrs. R. Archibald, Chairman, 
D. McHenry and D. E~ Parsons was appointed by the Council 
to provide supervision of the investigation. 
credit for initiating and planning of the program 
belongs to the Joint ASCE-ACI Committee on Shear and Diagonal 
Tension under the chairmanship of Mr. c . S. v.rh:i.b1s'.~ .. and to 
Dr. E. Hognestad, formerly Research Assoc5ats fr0fessor of 
Theoretical and Applied Mechanics, U: iv,"'.1'::ilcy ".)f Illinois. 
Messrs. Bengt Broms, Research Ass~stant, A. c. 
Bianchini, Instructor, B. R. Juskie, fcrmPily Research 
Assitant, and M. R. Penny, Junior Laboratn~y Mechanic - all 
of tt.e '),'p,"l:: t ·ncnt staff - participated in va2-t_0us phases of 
The authors gratefully acknowledge all of these 
contributions which made it possible to initiate and carry 
o~t the investigation. 
REFERENCES 
41 
1. K. G. Moody and I, M. Viest, "Shear Strength of 
Re inforced Concrete Beams, Part 4 - Analytical Studies," ACI 
Journal, March 1955, Proc. V. 51, pp. 697-730, 
2. E. M. Zwoyer- and C. P. Siess, "Ultimate Strength 
in Shear of Simply - Supported Prestressed Beams Without Web 
Reinforcement," ACI Journal, Oct. 1954, Proc. · V. 51, pp. 181-
200. 
3. A. Laupa, c. P. Siess and N. M, Newmark, "Strength 
in Shear of Reinforced Concrete Beams," Bulletin No. 428, 
University of Illinois Engineering Experiment Station, March 
1955, 76 pages. 
~-. J. Morrow, "Strength of Reinforced Concrete Knee 
Frames vJj_thout Web Reinforcement, 11 M, S, ;I':7.esis, Department 
of '11heoretical and Applied Mechanics, Unt-versity of Illinois, 
7 9G4 ..... .,/ ~ 
5. C. E. Kesler, "Statistical Relation Between Cylinder, 
Modified Cube and Beam Strength of Plain Concrete,'' Preprint 88, 
American Society for Testing Materials, 1954. 
6. E. Hognestad, 11 A Study of Combln2d Bending and Axial 
Load in Reinforced Concrete Members, 11 Buj_J_ei~ i n No. 399, 
University of Illinois Engineering Exp~J:':'i.rnent Sta.t:Lon, November 
1951, 128 pp.; published also as Bulle-Lin No, 1 of the Rein -
forced Concrete Research Council of the Engineering Foundation. 
3ee also 11 Inelastic Behavior in Tests of Ec~0-11trically 
Loaded Short Reinforced Concrete Colu1m1s 5 " ACI Jol 1 • .r•nal, Oct. 
1952, Proc. V. 49, pp. 117- 139. 
7, I. M. V:test, R. C. Elstner and::.: .. Hognestad, 
"Sustained Load Strength of Eccentrica.J.1:,r U;;, cif::,J. Short Rein-
forced Concrete Columns, 11 Submitted for p::t':~.:. i(;c. t:Lon in the ACI 
Journal. 
8. K. G. Moody, I. M. Viest, R. C, ~lr~~e~ and E. 
Hognestad, "Shear Strength of Reinforced C,-r,,·:r ::vr~ P,eams, Part 1-
Tests of Simple Beams," ACI Journal, Dec. 19'..)4, ?rec. V. 51, 
pp. 317-332. 
42 
9. K. G. Moody, I. M. Viest, R. C. Elstner and E. 
Hognestad, "Shear Strength of Reinforced Concrete Beams, 
Part 2 - Tests of Restrained Beams Without Web Reinforcement," 
ACI Journal, Jan. 1955, Proc. V. 51, pp. 417-436. 
10. P. M. Ferguson and J. N. Thompson, "Diagonal 
Tension in T-Beams Without Stirrups," ACI Journal, March 1953, 
Proc. v. 49, pp. 665-676. 
11. R. C. Elstner, K. G. Moody, I. M. Viest and 
E. Hognestad, "Shear Strength of Reinforced Concrete Beams, 
Part 3 - Tests of Restrained Beams With Web Reinforcement," 
ACI Journal, Feb. 1955, Proc, V. 51, pp. 525- 540. 
12. "Building Code Requirements for Reinforced Concrete 
(ACI 318- 51 ), 11 ACI Journal, Apr, 1951, Proc. V. 47, pp. 589-
652. 
TABLE 1 
OUTLINE OF TEST PROGRAM 
All specimens were approximately 12 x 16 in. in cross-section, 
reinforced in tension only . The effective depth was approxi -
mately 11+. 5 in. The reinforcement was made of hard grade billet 
steel. One specimen of each kind was tested except for types 
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DIMENSIONS OF SPECIMENS 
Speci- Width Depth Effective Shear Reinforcing Percentage 
men* b, h, depth d,+ span Bars of 
in. in. in. a, in. Reinforce-
ment 
Knee Frames 
F21B2 12.00 16.50 14.50 21.6 2 No.6 4 No.7 1.88 
B2R 12.00 16.50 14.50 21.6 2 No.6 4 No.7 1.88 
E2 12.00 16.50 14.75 21.6 2 No.5 0.34 
B4 12.00 16.50 14.50 21.6 2 No.6 )~ No.7 1.88 
B4R 12.00 16.50 14.50 21.6 2 No.6 lj. No.7 1.88 
c11- 12.00 16.25 14.50 21.6 2 No.5 5 No.6 1.59 
C4R 12.00 16.25 14.75 21.6 2 No.5 5 No.6 1.56 
D4 12.00 16.25 1J-1-.50 21.6 7 No. 5 . 1.22 
E4 12.25 16.50 15.00 21.6 2 No.5 2 No.6 0.80 
F4 12.00 16.50 14.50 21.6 3 No.6 0.75 
GlJ. 12.00 16.50 14.50 21.6 2 No.5 0.35 
A6 12.00 16.50 14.50 21.6 3 No.7 3 No.8 2.36 
B6 12.00 16.50 14.50 21.6 2 No.6 4 No.7 1.88 
F38B2 12.00 16.50 14.25 38.6 2 No.6 4 No.7 1.91 
E2 12.00 16.50 14.50 38.6 2 No.6 0.50 
Bl!- 12.00 16.38 14,75 38 , 6 2 No.6 4 No.7 1.84 
D4 12.13 16.38 15.00 38.6 2 No.5 3 No.7 1.32 
Ell- 12.00 16.50 14.88 38.6 1 No.6 2 No.7 0.91 
A6 12.00 16.50 14.00 38.6 3 No.7 4 No.8 2.91· 
B6 12.00 16.50 15.00 38.6 2 No.6 4 No.7 1.81 
F55B2 12.00 16.50 14.50 55.6 2 No.6 LJ. No.7 1.88 
E2 12,00 16.50 14.50 55.6 3 No.5 0.52 
A4 12.13 16.13 l~-. 63 55.6 2 No.7 3 No.8 1.98 
B4 12.00 16.50 15.00 55.6 2 No.6 4 No.7 1.81 
D4 12.13 16.13 15.00 55.6 3 No.5 lJ. No. 6 1.45 
E4 12.13 16.88 15.25 55.6 4 No.6 0.94 
A6 12.00 16.50 13.75 55.6 4 No.7 4 No.8 3.32 
B6 12.00 16.50 14.50 55.6 2 No.6 4 No.7 1.88 
F70B2 12.00 16.50 111-. 25 70.0 2 No.6 4 No.7 1.91 
All- 12.00 16.13 14.25 70.0 2 No.5 4 No.8 2.16 
A6 12.00 16.50 14.50 70.0 6 No.9 :,.;;4 
F,81.J.B!+ 12.00 16.38 14.75 84 .o 2 No.6 4 No.7 1.84 
Fll3B4 12.00 16.75 14.50 113.0 2 Noo6 4 No.7 1.87 
(Continued ) 
TABLE 2 (continued) 
DHIENSIONS OF SPECIMENS 
Speci - Width Depth Effective Shear Reinforcing Percentage 
men* b, h, dcpth,d,+ span Bars of 
in .• in. in. a,in. Reinforce-
ment 
Stub Beams 
Bllrn2 12.00 16.00 14. r~o 11~. 0 2 No.6 lj. No.7 1.85 .. I 
E2 12.00 16.13 14.75 14. O 2 No .4- 2 No.5 0.57 
All. 12.00 16.00 14.25 14.o 2 No.7 1,. No.8 2.50 
B,'1· 12.00 16.00 14-. 50 14.0 2 No,6 
,, 
No.7 1 . 85 Lr 
El~ 12.00 16.00 14.50 14.o 5 No.6 1. 21} 
A6 12.00 16.00 14.00 14 . o 2 No.8 5 No.9 3.83 
B6 12.00 16.00 14.50 14.0 2 No.6 11. No.7 1.85 
B21B2 12.00 16.00 11~ .1+4 21.0 2 No.6 !-J. No.7 1 . 86 
E2 12.00 16.00 11~-. 75 21.0 2 No.!+ 2 No.5 0. 57 
Al+ 12.00 16.00 111-. 50 21.0 2 No.7 1~ No.8 2.J+6 
BlJ. 12.00 16.00 11~ r,o 21.0 2 No.6 4 No.7 1.85 . -
E.i~ 12.00 16.00 1J~. :5£3 21.0 5 No.6 1. 2J+ 
EltH 12.00 16.00 11~. 50 21.0 5 No.6 1.24 
FlJ. 12.00 16.00 14-. 136 21.0 2 No.7 1 No.8 1.17 
GI' "r 12.00 16.00 11L69 21. O 2 No.4 2 No . 5 0.58 
AG 12.00 16.00 11~. 00 21.0 2 No.8 r=-::> No.9 3.83 
B6 12.00 16.00 11+. 75 21.0 2 No.6 4 No.7 1.82 
B28B2 12.00 16.oc 1·~. 25 28,0 2 No . 6 4 No.7 1.88 
E? ,_ 12.13 16.00 11L 63 28.0 2 No.4 2 No.5 0.57 
All. 12.00 16.00 11~. 50 28.0 2 No . 7 l.~ No . 8 2.46 
Bl~ 12.00 16.00 11~. 50 28.0 2 No.6 l~ No.7 1.85 
Ei+ 12.00 16.00 14.50 28.0 5 No . 6 1.24 
A6 12.13 16.00 13.88 23.o 2 No.8 5 No.9 3.83 
B6 12.00 16.00 14.50 28.0 2 No . 6 4 No . 7 1 . 85 
B1l-OB1~ 12.00 16.00 14.50 4-0. O 2 No.6 4 No.7 1.85 
B56B2 12.00 16.00 11~. 50 56.0 2 No.6 4 No.7 1.85 
E2 12.00 16.00 11f. 50 56.0 2 No.4 2 No.5 0.58 
A4 12.00 16.00 14 .75 56.0 2 No.7 l.~ No.8 2.41 
B4 12.00 16.00 11+. 50 56.0 2 No.6 4 No.7 1 . 85 
E~- 12.00 16.00 111 .• 50 56.0 5 No . 6 1 .24 
A6 12.13 16.00 11+. 00 56.0 2 No . 8 5 No.9 3.79 
B6 12.00 16.00 li-1-.63 56.0 2 No.6 4 No.7 1,83 
B70B2 12.00 16.00 14.38 70.0 2 No . 6 4 No.7 1.86 
Ai+ 12.00 16 . 00 11~. 50 70.0 2 No.7 1.~ No.8 2.46 
A6 12.00 16.00 14.oo 70.0 2 No.8 5 No.9 3.83 
(Continued ) 
TABL:~ 2 (Concluded ) 
DIMENSIONS OF SPECIMENS 
Speci - Width Depth Effective Shear Reinforcing Percentage 
me:1-l<· b, h, depth, d+ span Bars of 
in. in. in. a,in .. Reinforce-
ment 
B84BJ+ 12.00 16.00 14.31 SJ+. o 2 No.6 4 No.7 1.88 
Bll3B1~ 12.00 16.00 14.38 113.0 2 No.6 4 No.7 1.86 
Bl.rn 12.00 16.00 14.50 113.0 2 No.6 1.~ No,7 1.86 
* The designation of specimens may be explained by reference to 
Table 1: First letter stands for type of specimen - F = knee 
frame, B = stub beam; the first number gives the length of the 
shear span in inches; the second letter designates the nominal 
percentage of reinforcement; the second number designates the 
nominal strength of concrete in ksi; and the letter R 
designates recast specimens. Thus F21B2R designates a knee 
frame with the shear span of 21,6 in., the nominal percentage 
of reinforcement of 1.89 percent, the nominal concrete strength 
of 2000 psi, and it is the second specimen of this type. 
+ Distance from the compression surface to the centroid of the 
tension reinforcement. 
TABLE 3 
GRADING OF SAND AND GRAVEL 
Average for eight lots of sand and gravel. 
Sieve 
size 
1 1/2 11 





















2.87 7. 11~ 
TABLE 4 
STRENGTH OF CONCRETE AND STEEL 
Speci- Avg. strength Avg.strength of reinforcement Speci- Avg.strength Avg.strength of reinforcement 
men of concrete-* Yield point+:-* Ultimate, -:H(- men of concrete* Yield point~:--,"" Ultimate,** 
f~,psi f ,ksi ksi f~, psi f , lrn i l{S l. y y 
Knee Frames Stub Beams 
F21B2 1470 54.6 99.8 Bl4B2 2120 67.6 126.2 
B2R 2040 9~. 6 99.8 E2 18!.J.O 67.5 122.1 
E2 1750 6t; 0 ..., .u 118.5 Lil)!- 3270 61.7 119.7 
B4 4310 54.8 99.0 Bl+ 3820 58.6 107.7 
B4R 1+230 54 .8 99.0 E4 11-190 61.2 113.3 
c4 3860 62.9 114.4 A6 6t;C)0 65.0 126.7 C4R 4480 611- .8 113.8 ..., ~ 
D4 4570 6r:;.6 116.4 B6 6780 65.9 125.3 .., 
E4 ~-450 62.6 114.2 B21B2 2010 63 .11- 121.2 F4 4350 62.0 114.2 E2 161+0 67.2 125.0 G4 4420 6r:;. t; 116.0 ..., _, 
A6 7020 54.6 101.4 A4 4320 58.7 106. 7 
B6 6520 54.8 100.0 B4 3930 61.3 111.0 E4 3510 62 -~- 113.9 
F38B2 1800 54.2 98.4 E4-R 4630 60.4 114.8 
E2 2050 56.3 101.6 
Fl!- 4560 66.2 126.1 
t4 4580 67.8 117.2 
B4 4550 55-9+ 100. 9+ A6 6570 64 .9 125.1 D4 3900 53.4+ 93.2+ 
E4 4660 53 •11-+ 94.0+ B6 6600 63.4 125.3 
A6 6610 52.8 102.2 lB28B2 2130 68.3 125.8 
B6 6030 .54,.9 101.3 E2 1990 67.2 122.7 
F55B2 1720 54. 3 98.4 A4 3990 48.2+ 84.7+ 
E2 2000 64.6 116.9 B4 4690 64.o 120.8 E4 4800 62.2 112.7 















f I • c' psi 
TABLE 4 (Concluded) 
STRENGTH OF CONCRETE AND STEEL 
Avg.strencth of reinforcement 
Yield point ➔H:- Ultimate,** 






Knee Frames I B40B4 3710 62.7 113.7 5040 
4110 61.3 113.2 
6100 55.0 101. 5 B56B2 2130 
6340 54.5 99.3 E2 2130 
Ai-I- 3620 
2090 55-5+ 104. 2+ B4 3950 
1}210 9!-.5+ 98.0+ E4 4120 
5610 51. ,!~+ 98.6+ A6 5780 B6 6630 
4300 55 .. 3 99.0 B70B2 2370 





Avg.strength of reinforceme nt 
Yield point** Ulti~ate, ** 
f,r, ksi lrni 
,I 
Stub Beams 














* Data obtained from tests of 6xl2-in. concrete cylinders cast and cured together with the corresponding 
specimen. Three to five cylinders were made from each batch_; one specimen required two to eight batches 
of concrete. 
** One tension specimen was tested from each length of bar; the values given a r e weighted averages for 
all bars in the specimen. All bars complied with the ASTM Designation Al5-52T for hard grade billet 
steel except when noted otherwise. 
+ One to four bars of intermediate grade steel. 
++ Bars with yield points 48.0 - 52.0 selected in order to insure flexural failure. 
TABLE 5 
AVERAGE DI MENSIONS OF BARS 
Dimensions, measured as specified in ASTM Designation 
A3O5- 5OT, are averages for at least ten bars; at least 
five bars of each size were taken at random from each 
lot. All bars ha~ transverse de fo rmations perpendicular 



































































* Specified minimum is 0.020 in; all other measurements of 






















Diagonal tension crac~ing 
load P, stress v , vc 
C C ~• 
kips psi ~c 
42.0 
55.0 
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TABLE 6 (Continued) 
TEST RESULTS 
Speci- Diagonal tension cracking Yield Failure Deformations at Pu 
men V C v¢ u 
load Pc' stress v, - load Py' load Pu' Mode,c Max. Max. strains 
C fl fl defl., steel, concrete 
kips . C kips ki.ps C in. millionths psi 
F55B2 30. O 139 0.081 .... 30."o 0.081 D 0.322 980 3350+ 
E2 . . . . . . . . . . . . 20.0 25.0 0.058 F 1.130 4100** 6000+ 
A4 48.o 218 0.057 . . . . 48.o 0.057 D o.4-41 134o+ 3170 
B4 40. 0 180 o. 042 . . . . 40.0 0. 01+2 D 0.335 1100+ 2300+ 
D4 1+0. 0 178 0. Olf.8 . ,., ... 4 0. O o. 048 D o.406 1300+ 1160+ 
El+ 35.0 153 0.037 40.0 41.4 o. oJ+4 s 0.637 2340*-:.- 3190 
A6 60.0 294 0.048 . . . . 60.0 o. oi+s D o. /.~ 36 930 2110 
B6 45.0 209 0.033 . . . . 45.0 0.033 D 0.3.38 950+ 1560+ 
F70B2 29.0 134 0.064 . . . . 29.0 0.064 D 0.585 1420+ 4150+ 
A4 45.0 208 0.049 . . . . 45.0 0.049 D 0.700 1250+ Ln50+ 
A6 55.0 255 o. 046 . . . . 55.0 o. 046 D 0.820 1160+ 2600+ 
F84B4 !f 1. 5 189 o. 044 37 .5-· 41.5 0.044 D 1. 1~79 4~-30-:r ➔c 6600 
F113B4 .... . . . . . . . . 29.5 30.5 0.038 F 3. 1n 7 9230** 5510 
Stub Beams 
Bl4B2 70.0 230 0.108 .... 165.0 0.256 s 0.121 1150+ 1360 
E2 60.0 194 0.105 ·• ... 125.0 0.219 s 0.157 2170+ 1300+ 
A4 100.0 334 0.102 . . . . 230.0 0.235 s 0.144 1050+ .... 
B4 100.0 328 0.086 . . . . 225.0 0.194 s 0.115+ 1300+ 1520+ 
E4 105.0 345 0.083 . . . . 230.0 0.180 s 0.150+ 1910+ 1700+ 
A6 125.0 425 0.065 . . . . 405.0 0.209 s 0.118 1300+ 1080 
B6 100.0 328 o. 048 . . . . 350.0 0.170 s 0.155 2030+ 1410+ 
(Continued) 
TABLE 6 (Continued) 
TEST RESULTS 
Speci- Diagonal tension cracking Yield Failure Deformations at P u men V v¢u. 
load p C, C load Py' load Pu, Mode* Max. Max. strains stress v , - -
C f' f' defl., steel, concret e 
ldps psi C kips kips C in. millionths 
B21B2 70.0 231 0.115 . . . . 107 .o 0.176 s 0.11}3 980+ 4600+ 
E2 45.0 111-5 0.088 95.0 95.0 0.187 s 0.192 2480+ 3400+ 
A4 90.0 296 0.069 . . .. . 235.0 0.179 s 0.220+ 1460+ 4720+ 
B4 80.0 263 0.067 . . . . 178.0 0.149 s 0.175 1500+ 2370+ 
E4 89.0 295 0. 08l~ 180. O 190.0 0.179 s 0~251 2380+ 2960 
E4R 80. O 263 0.057 180.0 195.0 0.138 s 0.231 2900 2660 
F4 90.0 294 0.065 190.0 210.0 0.151 s 0.261 3860** 4300+ 
G4 75.0 243 0.053 100.0 159.0 0.112 F 1.380 18200** 1-l-930** 
A6 99.0 337 0.051 . . . . . 260.0 0.135 s 0.183 1290+ 1560+ 
B6 100.0 323 0.049 ..... 260.0 0.127 s 0.225 2100+ 4050+ 
B28B2 55.0 184 0.086 ..... 90.0 0.141 s 0.239 1080+ 6540 
E2 l} 0. 0 129 0.065 ..... 58.0 0.094 s 0.239 1950+ 4870+ 
A4 68.0 223 0.056 . . . . . 145.0 0.119 s 0.243 1190+ 5140+ 
B4 60.0 197 0. 011-2 . . . . . 115.0 0.081 s 0.190 1220+ 2650+ 
E4 55.0 181 0.038 . . . . . 120.0 0.082 s 0.253 2050+ 3780+ 
A6 95.0 322 0.047 . . . . . 150.0 0.074 s 0.193 850+ 1990 
B6 80.0 263 o. 041 ..... 145.0 0.075 s 0.230 1490+ 291~0 
' B40B4 69.5 228 o. 045 70.0 o. 046 s 0.199 1110+ 1960** ..... 
B56B2 45.0 148 o. 070 . . . . . 45.0 0.070 D 0.282 980+ 2140+ 
E2 30.0 99 o. 047 34.3 35.8 0.055 s 0.665 5690** 1~510 
A4 62.0 200 0.055 ..... 62.0 0.055 D 0.270+ 1060+ 1670+ 
B4 55.0 181 o. 046 . . . . . 55.0 o. 046 D o. 27~- 1210+ 2030 
E4 49.0 161 o. 039 . . . . . 49.0 0.039 D 0.322 1750+ 1330+ 
(Continued) 
TABLE 6 (Concluded) 
TEST RESULTS 
Speci- Diagonal tension cracking Yield Failure Deformations at P u men V V ¢ u. 
load Pc, 
C load P , load P , Mode* Max. Max. strains stress v , -
C fl y u fl defl., steel, concrete 
kips psi C kips lcips C in. millionths 
B56A6 80.0 269 0.047 . •· .. 80.0 o. 047 D 0.280 1160+ 1720+ 
B6 61.5 202 0.031 .... 61.5 0.030 D 0.316 1310 1650+ 
B70B2 40. O 132 0.056 . . . . 40. O 0.056 D 0.521 1330 3210 
A4 59.5 195 o. 049 . . . . 59.5 o. 049 D o.48o+ 1330+ 3460 
A6 80. O 272 0. 01~2 .... 80. O o. 042 D 0.509 1250+ 1880+ 
B84B1~ 50.0 166 o. 042 .... 50.0 o. 042 D 0.776 1810+ 311 0 
B113B4 46.9 155 0.033 . . . . 46.9 0.033 D 1.9~0 2240+ 3600 
B4R . . . . . . . . . . . . 35,0 38.0 0.030 F 2.830 6380➔:·* 3950** 
* S - Shear failure; F - flexural tension failure; D - diagonal tension failure. 
+ Extrapolated values, 
** The value shown is the last reading taken (at a load lower than Pult ) . 
TABLE 7 
NOMI NAL SHEARING STRESS AT DIAGONAL TENSION CRACKING 
Test values iDclude dead load. 
Specimen Nominal shearing s tress Ratio Specime:1 Nominal s hearing stress Ratio 
vctest, v ca le, v test vctest, v calc, vcte s t 
C C C -
psi psi vccalc psi psi vc ca lc 
Knee Frames Stub Beams 
F21B2 198 197 1.01 Bl4B2 232 241 0. 96 
B2R 258 232 1.11 E2 196 224 0.87 
B4 370 335 1.10 A4 336 301 1.12 
B4R 351 332 1. 06 Bi+ 330 321 1. 03 
C4R 368 342 1.08 Eh 31J7 339 1. 02 
D4 328 332 0.99 A6 1~27 421~ 1. 01 Eh 311 349 0.89 B6 330 1I29 0.77 F4 326 326 1.00 
A6 1+ 21 1~ 28 0.98 I B21B2 234 202 · 1.16 
B6 1~ 21 410 1. 03 E2 148 150 0.99 
F38B2 171 172 1.00 A4 299 295 1.01 
E2 113 127 o.89 B4 266 270 0.99 E4 298 239 1.25 
B4 255 21}6 1. 03 E4R 266 268 1. 01 
D4 243 218 1.12 pl+ 297 265 1.12 
E4 217 208 1. 04 G4 246 223 1.10 
A6 341 313 l. 09 A6 31+0 366 Q.93 
B6 251 276 0.91 B6 326 337 0.97 
(Continued ) 
TABLE 7 (C oncluded ) 
Specimen Nominal shearing stress Ratio Specimen Nominal shearinc stress Ratio 
v test, v cale, V test vetest, v calc, ve test e C e e -
psi psi vc ealc psi psi ve ealc 
F55B2 145 150 0.96 B28B2 187 183 1.02 
A4 224 209 1. 07 E2 132 130 1. 02 
B4 186 213 0.87 Ai+ 226 251 0.90 
D4 184 190 0.97 B4 200 250 0.80 
E4 159 174 . 0.91 E4 184 226 0.82 
A6 300 279 1. 08 A6 325 333 0.98 
B6 215 21~ 3 0.89 B6 266 276 0.96 
F70B2 11n 151 0.94 B4oB4 232 230 1. 01 
A4 215 202 1.06 B56B2 153 153 1.00 
B6 262 255 1. 03 E2 104 107 0.98 
F84B4* 197 183 1.08 
Al+ 205 201 1.02 
B4 186 187 0.99 
Average 1.007 I 
E4 166 171 0.97 
Standard Deviation 0.072 A6 274 264 1. 04 
B6 207 225 0.92 
B70A2 137 1!+8 0.93 
A4 200 195 1.03 
A6 277 259 1.07 
B84B4 172 169 l.C2 
All specimens: I Bll3B4 163 163 1. 00 Average 1.000 Average 0. 991r-Sta ndard Deviation 0.083 Sta ndard Deviation 0. 093 
* Yielding of steel observed before diagonal tension crack formation. 
TABLE 8 
MOMENT CAPACITY AT SHEAR FAILURE 
For knee frames, moments are taken with respect to steel at the section of the knee corner; for stub 












Moment at Failure, 
M8 test M8 calc 
f 1 bd 2 
C 





Specimen Moment at Failure, 
M8 test M8 calc. 
r'ba 2 
C 
f 1 bd 2 
C 
Shear Failure Before Yielding of Reinforcement 































































































TABLE 8 (Concluded) 
Specimen Moment at Failure, Ratj_o Specimen Moment at Failure, Ratio 
Mstest Mscalc Mstest Mstest M8 calc M8 test 
f 1bd 2 f I bd 2 Msca le f 1 bd 2 r 1ba2 M5 calc C C C C --
B28A4 0.202 0.177 1.12 
B4 0.133 0.144 0.92 
E4 0.139 0.121 1.15 
A6 0.131 0.162 0.81 
B6 0.127 0.124 1.02 
B40B4 0.110 0.125 o.88 
All specimens: 
Average 1.043 I Average 1. 010 
Standard Deviation 0.126 Standard Deviation 0.109 
Shear Failures After Yielding of Reinforcement 
Knee Frames Stub Beams 
F21E4 0.214 0.194 1.10 B21E2 0.233 0.210 1.11 
F4 0.199 0.183 1. 09 E4 0.229 0.198 1.16 
E1+R 0.176 o. 150 1.17 
F38E2 0.181 0.178 1.02 F4 0.191 0.157 1.22 
F55E4 0.160 0.166 0,96 B56E2 0.186 0.167 1.11 ----·-- I 
Average 1.01.~3 I Average 1.154 
All specimens: 
Average 1.101.~ 
Standard Deviation 0"074 
TABLE 9 
MOMENT AT FLEXURAL FAILURE 
Fo~ knee frames, moments are taken with respect to steel at 
the section of knee corner; for stub beams, moments are taken 








Moment at Failure 
M6 test Mscalc 
r 1 ba2 
C 
0.248 





















* Diagonal tension crack formed before yteldi~g; diagonal 
tension crack did not form in the remaining specimens. 
TABLE 10 
COMPARISONS OF PREDICTED AND ACTUAL 
MODES OF FAILURE 
Except for the first six specimens listed in this table, the 
predicted mode of failure agreed with the observed mode. 
Speci- Calculated load,kips Mode of+ 
mens Flexural Diaganal Shear failure. 
Ultimate 1C0ad 
test, test 
Failure Tension Failure Pre- Ob-
Cracking dieted served 
lcips calc 
Specimens with incorrectly predicted mode of failure 
F21E2* 47.2 45.2 40.5 D F 55.5 1.23 

































Specimens with correctly predicted mode of failure but 





































* Yielding of steel observed in the test, but Eq. 3 gave 
stresses lower than the yield point value. 
+ S - Shear Failure; F - Flexural Tension Failure; D -







COMPARISONS WI TH SHEAR STRENGTH 
OF PRISMATI C BEAMS 
Specimen 
. . . . 
·rvrscaic* M8 t es t Specimen M8 calc* M8 test 
f 1 ba 2 
C 
M6 calc f 1 ba2 C M8 ca lc 
-~---,..--
Bl4B2 0.182 1.19 B28B2 0.189 1 . 28 
E2 o. 138 1.32 E2 0 . 134- 1 . 12 
A4 0.175 1.15 A4 0.156 1.29 
B4 0,.150 1.09 B4 O ~ 1;,6 0.98 
E4 0.126 1.21 E4 0.115 1.21 
A6 0,143 1. 29 . A6 0.140 0.94 
B6 0.111 1.29 B6 0.116 1 . 10 
B21B2 0.193 1.16 B40B4 0.128 o.86 
A4 0.,156 1.45 
Bl!. 0.129 1.46 
A6 0.143 1. 21+ 
B6 0. 112 1.41 
➔c Computed from Eq. 3c, 5 and 6b i n r eference t. 
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FIG. 2. KNEE FRAME F84B4 
Fig.3 Knee F romes After Failure 
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FIG. 8. VARIATIONS OF MODES OF FAILURE WITH a/d 
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FIG. 11. FREE BODY DIAGRAM AND DISTRIBUTION 
OF STRAINS FOR SHEAR FAILURES 
la 
a4.-------,-------,-------.------~-----~ 
(a) E last i c Stee I Stresses 
I 
• - Stub Beams 
o - Knee Fram e s 
0.2 




II (b ) 
E 
Stee l Yie ld i ng 
q'- ocpfw 
- f~ 










~ 0 -~ 0 0 0 





• - Stub Beams 
o - Knee Frames 
fs _ _!_ [- I +j I+ 4k 1 k3fJ 1 ] 
EsK €u- 2 ex: p Es K€u 
r---L__ r---_ 0 
0.08 












•- Series ill 
·- II A 
•- II B 
Restrained Beams 
o - Series fll 
~ - II JU 
0.2 t:=...-=-=-=-+I =-+--=+=--=-=----=-i----+-----J-----t-----:-------J 
V "' 2r:r; ,C C 
5 10 15 20 
(M/v\ 
n pd 
FIG. 15. DIAGONAL TENSION CRACKING IN SIMPLE AND RESTRAINED BEAMS 
WITHOUT WEB REINFORCEMENT 
160.-----,--------- ---i--------.--------.------
(o) f~ = 4000 p.s.i., a : 21.6 in. 
f':1 = 60000 p.s.i. 
Shear Failure 























Shear Fa ilure 
OT Cracking 
; (E9-. f) 
(E9.. 2 ~ 3) 
(b) fc:: 4000 p.s.i I p = 1.8 9 % 
f~== 60000 p.s.i. 
....... - -
00~---___Jc__ ___ ----j4;-------1------4.e----_J 
FIG. 14. MODES OF FAIL URE 
